Abstract. Kenmotsu pseudo-metric manifolds are considered and studied. Given the curvature properties of Kenmotsu pseudo-metric manifolds. Necessary and sufficient condition for Kenmotsu pseudo-metric manifold to have constant ϕ-sectional curvature is provided, and proved the structure theorem for ξ-conformally flat and ϕ-conformally flat Kenmotsu pseudo-metric manifolds.
Introduction
The study of contact metric manifolds with associated pseudo-Riemannian metrics were first started by Takahashi [29] in 1969. Since then, such structures were studied by several authors mainly focusing on a special case of Sasakian manifolds. The case of contact Lorentzian structures (η, g), where η is a contact one-form and g a Lorentzian metric associated to it, has a particular relevance for physics and was considered in [19] and [4] . A systematic study of almost contact semi-Riemannian manifolds was undertaken by Calvaruso and Perrone [8] in 2010, introducing all the technical apparatus which is needed for further investigations, and such manifolds have been extensively studied under several points of view in [1, 7, 2, 10, 26, 27, 28, 32, 3, 11, 31] , and references therein.
On the other hand, in 1972, Kenmotsu [22] investigated a class of contact Riemannian manifolds satisfying some special conditions, and after onwards such manifolds are came to known as Kenmotsu manifolds. Almost Kenmotsu manifolds are the generalization of Kenmotsu manifolds and are studied under various geometric conditions in [16, 17, 18, 25, 33, 34, 12, 15] . Recently, Wang and Liu [32] investigated almost Kenmotsu manifolds with associated pseudoRiemannian metric and are called almost Kenmotsu pseudo-metric manifolds.
In this paper we study Kenmotsu pseudo-metric manifolds which are defined as normal almost Kenmotsu pseudo-metric manifolds.
The present paper is organized as follows: In section 2, we gave the basics of Kenmotsu pseudo-metric manifolds. Certain properties of Kenmotsu pseudo-metric manifolds are provided in section 3. We devote Section 4 to the study of curvature properties of Kenmotsu pseudo-metric manifolds and gave necessary and sufficient condition for Kenmotsu pseudo-metric manifold to have constant ϕ-sectional curvature. The last section is focused on ξ-conformally flatness and ϕ-conformally flatness. We prove necessary and sufficient condition for Kenmotsu pseudo-metric manifold to be ξ-conformally flat (and ϕ-conformally flat).
Preliminaries
In this section, we briefly recall some general definitions and basic properties of almost contact pseudo-metric manifolds. For more information and details, we recommend the reference [8] .
A (2n + 1)-dimensional smooth connected manifold M is said to be an almost contact manifold if there exists on M a (1, 1) tensor field ϕ, a vector field ξ, and a 1-form η such that
for all X, Y ∈ T M . It is known that the first relation along with any one of the remaining three relations in (2.1) imply the remaining two relations. Also, for an almost contact structure, the rank of ϕ is 2n. For more details, we refer to [5] .
If an almost contact manifold is endowed with a pseudo-Riemannian metric g such that
where ε = ±1, for all X, Y ∈ T M , then (M, ϕ, ξ, η, g) is called an almost contact pseudo-metric manifold. The relation (2.2) is equivalent to
In particular, in an almost contact pseudo-metric manifold, it follows that g(ξ, ξ) = ε and so, the characteristic vector field ξ is a unit vector field, which is either space-like or time-like, but cannot be light-like. The fundamental 2-form of an almost contact pseudo-metric manifold (M, ϕ, ξ, η, g) is defined by Φ(X, Y ) = g(X, ϕY ), which satisfies η ∧ Φ n = 0. An almost contact pseudo-metric manifold is said to be a contact pseudo-metric manifold if dη = Φ, where
The curvature operator R is given by
This sign convention of R is opposite to the one used in [8, 10, 26, 27, 28] . The Ricci operator Q is determined by
In an almost contact pseudo-metric manifold (M, ϕ, ξ, η, g) there always exists a special kind of local pseudo-orthonormal basis {e i , ϕe i , ξ}
Let M be a (2n+1)-dimensional almost contact pseudo-metric manifold with structure (ϕ, ξ, η) and consider the manifold M × R. We denote a vector field on M × R by (X, f d dt ), where X ∈ T M , t is the coordinate on R, and f is a C ∞ function on M × R. Then the structure J on M × R defined by
is an almost complex structure. If J is integrable, we say that the almost contact pseudo-metric structure (ϕ, ξ, η) is normal. Necessary and sufficient condition for integrability of J is [8] [
The following can be easily obtained.
Proposition 2.1. An almost contact pseudo-metric manifold is normal if and only if
where ∇ is the Levi-Civita connection.
The fundamental 2-form of an almost contact pseudo-metric manifold (M, ϕ, ξ, η, g) is defined by Φ(X, Y ) = g(X, ϕY ) which satisfies η∧Φ n = 0. An almost Kenmotsu pseudo-metric manifold is an almost contact pseudo-metric manifold with dη = 0 and dΦ = 2η ∧ Φ [21] . A normal almost Kenmotsu pseudo-metric manifold is called a Kenmotsu pseudo-metric manifold [32] . Equivalently, from (2.4) we have the following [32] :
Note that (ε)-Kenmotsu manifold as defined by De and Sarkar [14] is quite different to this notion.
From (2.5), we see
A routine calculation gives the following:
) is a Kenmotsu pseudo-metric manifold, then we get
where £ denotes the Lie derivative.
Some properties of Kenmotsu pseudo metric manifolds
For X ∈ Ker η, either space-like or time-like, the ξ-sectional curvature K(ξ, X) determined by X and ϕ-sectional curvature K(X, ϕX) determined by X are defined respectively as;
First we prove the following:
) is a Kenmotsu pseudo-metric manifold, then we have
Proof. Equations (2.6) and (2.7) gives (3.1). The equations (3.2), (3.3) and (3.4) are consequence of (3.1). Equation (3.5) follows from (2.6), (2.7) and (3.1).
Definition 3.2. An almost contact manifold for which ϕ 2 (∇ W R)(X, Y, Z) = 0, for all X, Y, Z, W ∈ T M is said to be globally ϕ-symmetric. If the vector fields X, Y, Z, W ∈ Ker η, then it is said to be locally ϕ-symmetric. An almost contact pseudo-metric manifold M of dimension 2n + 1 is said to be η-Einstein if there exists smooth functions a and b such that
Contracting (3.6) and using (3.7), we get
Thus, we have:
In particular, we have the following: for n > 1, and for any vector field X ∈ T M .
Proof. The equation (3.9) is equivalent to
where a and b are as in (3.8) . It is well known that 13) where {e i } is a pseudo-orthonormal basis. Equations (3.12) and (3.13) yields to
For Y = ξ, it gives ξ(b) = −2b, and so we get (3.11) for n > 1. 
Curvature properties of Kenmotsu pseudo metric manifolds
First we prove the following Lemma which is very useful in subsequent sections.
Lemma 4.1. On Kenmotsu pseudo-metric manifold, we have the following identities:
Proof. The Ricci identity shows that
Computing the left-hand side using (2.5) yields (4.1). The equation (4.2) is a result of (4.1).
Note that the necessary and sufficient condition for a Sasakian pseudometric manifold to have constant ϕ-sectional curvature C is [29] 
Here we prove: Theorem 4.2. The necessary and sufficient condition for a Kenmotsu pseudometric manifold M to have constant ϕ-sectional curvature C is
Proof. Suppose that M has constant ϕ-sectional curvature C. Then for all vector fields X, Y ∈ Ker η, we have
Using (4.1), we get .7) and then using the identities (4.2) and (4.5), we get
For X, Y, Z, W ∈ Ker η, we determine R(X + Z, Y + W, X + Z, Y + W ) and then using (4.8) we obtain
Interchanging Y and Z in (4.9), and then subtracting the resulting equation with (4.9) and by virtue of the first Bianchi identity we obtain Proof. From (4.3), it is easy to obtain (3.6), where a = 1 2 (n(C − 3ε)+ (C + ε)) and b = −1 2 ε(n + 1)(C + ε). Since a and b are constants, from Corollary 3.7 it follows that C = −ε.
Some structure theorems
Let M be an almost contact pseudo-metric manifold equipped with an almost contact metric structure (ϕ, ξ, η, g). At each point p ∈ M , the tangent space
, where L(ξ p ) is the 1-dimensional linear subspace of T p M generated by ξ p . Thus the conformal curvature tensor C is defined as a map
Then there arise following three cases:
• The projection of the image of C in ϕ(T p M ) is zero, that is,
• Projection of the image of C in L(ξ p ) is zero, that is,
An almost contact pseudo-metric manifold satisfying the cases (5.2), (5.3) and (5.4) are said to be conformally symmetric [35] , ξ-conformally flat [36] and ϕ-conformally flat [6] respectively. Analogue to this, other curvature tensors are considered and studied in [24, 30, 20, 13] . We begin with the following:
Theorem 5.1. Let M be a ξ-conformally flat Kenmotsu pseudo-metric manifold of dimension > 3. Then the scalar curvature r of M satisfy
where ∇r is the gradient of scalar curvature r.
Proof. If M is ξ-conformally flat Kenmotsu pseudo-metric manifold, then from (5.3), the equation (5.1) becomes
which gives
Putting Y = ξ in (5.6), differentiating this covariantly along an arbitrary vector field W and using (5.7), we get:
Taking inner product of above equation with Y and contracting with respect to X and W yields 8) where {e i } is a pseudo-orthonormal basis of vector fields in M and ε i = g(e i , e i ). From second Bianchi identity we easily obtain
Then from (5.8) and (5.9), noting that n > 1 we get
Since ∇Q is symmetric, the above equation becomes Proof. If M is ξ-conformally flat, then
Making use of equations (3.1) and (3.3) in above gives
which is equivalent to (3.9). Conversely, suppose that M is η-Einstein. The formula (5.1) gives
Now using the identities (3.1), (3.3) and (3.12) in above, we have
and this concludes the proof. Proof. Note that the ϕ-conformally flat condition ϕ 2 C(ϕX, ϕY )ϕZ = 0 is equivalent to C(ϕX, ϕY, ϕZ, ϕW ) = 0, and so from (5.1) we get R(ϕX, ϕY, ϕZ, ϕW ) = 1 2n − 1 {S(ϕY, ϕZ)g(ϕX, ϕW ) + g(ϕY, ϕZ)S(ϕX, ϕW )
{g(ϕY, ϕZ)g(ϕX, ϕW ) − g(ϕX, ϕZ)g(ϕY, ϕW )}.
(5.11)
be a local pseudo-orthonormal ϕ-basis. Taking X = W = E i in (5.11) and summing, we get 12) where ε i = g(E i , E i ). It can be easily verify that
So that equation (5.12) becomes
Substituting this in (5.11), one obtains R(ϕX, ϕY, ϕZ, ϕW ) = r + 4nε 2n(2n − 1) {g(ϕY, ϕZ)g(ϕX, ϕW )−g(ϕX, ϕZ)g(ϕY, ϕW )}. The above corollary for Riemannian case has been proved in [22] . Now contracting (5.15), we obtain (3.9). Thus we state the following:
Corollary 5.5. A ϕ-conformally flat Kenmotsu pseudo-metric manifold is an η-Einstein manifold. 
